arXiv:l502.05152v2 [math.DG] 25 Jul 2015 


Uniqueness in an Integral Geometry Problem and 
an Inverse Problem for the Kinetic Equation 


Arif Amirov®, Fikret Golgeleyer® and Masahiro YamamotdO 
* Department of Mathematics, Blent Ecevit University, Zonguldak 67100 Turkey 
f Department of Mathematical Sciences, The University of Tokyo, 3-8-1 Komaba, 
Meguro, Tokyo 153-8914 Japan 
E-mail: f.golgeleyen@beun.edu.tr, myama@ms.u-tokyo.ac.jp 


ABSTRACT 


In this paper, we discuss the uniqueness in an integral geometry problem in a strongly 
convex domain. Our problem is related to the problem of finding a Riemannian metric 
by the distances between all pairs of the boundary points. For the proof, the problem is 
reduced to an inverse source problem for a kinetic equation on a Riemannian manifold 
and then the uniqueness theorem is proved in semi-geodesic coordinates by using the tools 
of Fourier analysis. 


1. INTRODUCTION 

Let D C R", n > 2 be a simply connected, closed and bounded domain with 
boundary dD of class C 5 . We assume that the domain D is strongly convex with 
respect to a metric g £ C 6 (D), which means that for any x,y £ D there exists a 
unique geodesic r(x,?/) of metric g which connects x, y £ D and lies in D (e.g., 

m)- 

Henceforth we use the following notations: 

k = fe, ? = (P,-,n for £ = (G-,n e and T(x,y) = t(x,y,t) = 
{C(a:, y,t), ...,^ n (x, y,t)} is a coordinate representation of the geodesic T(x,y). 
Here t is the natural parameter (see m, esi). that is, t = Al + B, where l is the 
length of the geodesic (in the metric g) traced out from some point, A and B are 
some constants. 

We consider the following integral geometry problem: 
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Throughout this paper, we assume that a l3 = a 3 i , 2 <i,j<n. 

Problem 1 Determine the functions aij in D (2 < i,j < n) /rora f/ie integrals 



( 1 . 1 ) 


which are known for each pair of the points ( x , y) S x dD. 

In this paper, we investigate the uniqueness of solution of Problem 1. Our 
method for proving the main result, which is stated in Section 2, relies on the 
reduction of Problem 1 to some kinetic equation (see (3.5) below) on a Riemannian 
manifold where the metric is considered in a semi-geodesic system of coordinates. 

Here we note that when we replace i,j = 2 in the summation by i,j = 1 in 
(1.1), we do not know the uniqueness in determining a^, 1 < i,j < n. The choice 
of the indices j ^ 1” depends on the semi-geodesic coordinates which we use in 
this paper. For detailed explanations, see also Remark 1 in Section 4. 

Problem 1 is related to an inverse problem of determining the Riemannian metric 
by the distances between boundary points, see Chapter 1 of [30]; also [2], [3]. Such 
an inverse problem is the mathematical model of several important medical imaging 
techniques and geophysical problems, and has called wide attention. As for the 
uniqueness theorem and stability estimates, see Muhometov m in two dimensions, 
and a recent work Pestov and Uhlmann [25] . For higher dimensions, we refer to 
Bernstein and Gerver [6], Beylkin [7j, Muhometov and Romanov [20]. Also see e.g., 
[21] . [22j . As for other kinds of inverse problems from the integral geometry, we 
refer to [5] , [8] , [14], [23], [24] , [30. - [35] . Here we do not intend any complete lists 
of references. The connections between these problems and the inverse problems 
for parabolic, hyperbolic and kinetic equations are described in the works d E, 


m, Ea, m, m- 
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2. MAIN RESULT 


Throughout this paper, we set 

Rq := R"\ {0} ; R™" 1 := R" _1 \ {0} , 

Cq(D) = {a £ C 5 (D) | suppa C D}. 

We note that D is closed and supp a is not necessarily a proper subset of D. 

The result which we have obtained for Problem 1 is given by Theorem 1: 

Theorem 1 Let dij = ciji , 2 < i,j < n, and the domain D be strongly convex 
with respect to the metric g £ C e (D). Then Problem 1 may have at most one 
solution atj such that a^ £ Cq(D), where 2 < i,j < n. 

It is worth noting here that, in the proof, we assume that the metric has the 
property gu = 1, gu = 0, 2 < i < n, which is related to the semi-geodesic 
coordinates and extensively used in the theory of relativity (see, e.g., [2B] and the 
references therein). We more precisely explain as follows: It is known that if there 
exists a point x° £ D such that any point x £ D can be joined with x° by a unique 
geodesic of the metric g , then the metric g has a semi-geodesic coordinates in D (see 
PB] , p. 448). Hence, for any domain D which is strongly convex with respect to the 
metric g : one can at least locally introduce a semi-geodesic system of coordinates at 
any x £ D with respect to g. Moreover, in the semi-geodesic system of coordinates 
x l , we have gu = 1, gu = 0, 2 < i < n, locally. Conversely, these conditions are 
sufficient for the system with coordinates x 1 to be semi-geodesic for the metric g in 
D (see [28], p. 450 and [36], p. 76). 

This paper consists of six sections and one appendix. The rest part of the paper 
is organized as follows. In Section 3, we reduce Problem 1 to an inverse source 
problem for a kinetic equation on a Riemannian manifold. In Section 4, we present 
three lemmata and apply the generalized Fourier transform to the kinetic equation. 
In Section 5, we reformulate our problem by introducing Riemannian coordinates 
and prove some auxiliary results. Finally, Section 6 is devoted to the proof of the 
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main result: Theorem 1. The proofs of the lemmata which are presented in Section 
4 are given in Appendix. 


3. REDUCTION OF PROBLEM 1 TO AN INVERSE PROBLEM 

Let us introduce the function 

n p 

u(x,0=^2 / a ij (z (x, £, t)) z (x, £, t) z 3 (x, £,t) dt, (3.1) 

i,j =2 “''>'0,5) 

where 7 (x, £) is the ray of the metric g = (<?y) starting from x G D in direction 
£ G Rq and a ij G Cq(.D). 

It is known (see 0, HU, BED that 7 (x, £) = ( 2 1 (x, £, i),..., z n (x, £, i)) is the 
solution of the following system of differential equations 

= - T jk( z )z J z k , 1 < * < n, (3.2) 

with the Cauchy data 

*(0) = x, 2 ( 0 ) = £, (3.3) 

where T* fc are the Christoffel symbols of the metric g and 

z(x,€,t) = (z 1 (x,£,t) ,...,z n (x,£,t)) , 
z(x,£,t) = (V (x,£,i) , ...,z n (x,£,t)) , z 1 = ^z\ 

We can prove that the solution of Problem (3.2)-(3.3) has the following property: 

2 (x, £, t) = z (x, v, |£| t) ; 2 (x, £, i) = |£| 2 (x, v, |£| t) , (3.4) 

where v = £/|£| and |£| = )C gijC£ 3 (e.g., Lemma 2.6 on p.64 in do Carmo 0). 

*d=i 

Let G' denote a closed, bounded set of variables £' = (£ 2 ,..., £") such that 0 ^ G' 
and let G = {£ £ R n |£ = (£\£'), f 1 G K 1 , £ 7 G G'} , f2 = {(x,£)|x G D, £ G G}. 
Differentiating both sides of (3.1) at the point x in the direction £ and by using 
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(3.2) and (3.3), we have the following kinetic equation 


E£ J S -E 

i =i 


S , .U A du 

dxi ^ V ^ k{x)i C W 


E a jk {x)^ k ^. 

j,k =2 


(3.5) 


By the setting of Problem 1, using equalities (3.1), (3.4) and the fact that aj k {x) 
is zero outside of D, we conclude that the function u(x,£) is known for (x,l;) £ 
dD x Rq . Then it is easy to see that the uniqueness of the solution of Problem 1 
follows from the uniqueness of the solution of the following problem: 

Problem 2 Determine a matrix-valued function (aj k ), (2 < j,k < n) from 
equation (3.5) provided that u(x,(;) is known for ( x ,£) € dD x Rq. 

In order to prove the uniqueness for Problem 2, it is sufficient to assume 


u(x,t() = 0, (x, £) £ dD x Rq. (3.6) 

4. APPLICATION OF THE FOURIER TRANSFORM TO 

PROBLEM 2 

In this section, we present three lemmata which describe some important prop¬ 
erties of the function u(x,l() and its Fourier transform. The proofs are given in 
Appendix. The Fourier transform T(I) of a function I(x,fO £ L\ (r^) with re¬ 
spect to the variable (f is defined by 

/ OO 

i(x,e,o e-^\ d e, 

-oo 

where 77 is the dual variable of £ 1 . Henceforth we set 

d d d 

dxS = fe? dv = a? = de' 
d! = |/?| = / 3 1 + ... + / 3 „, 

= $■■■$, \p'\ = (3 2 + ... + /3 n . 
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Moreover we introduce the sets 


A? : = {77 G R*| pg> 0} , 

: = {v £ R*| PV > 0} , 

where we set p = —1,1. 

Let us introduce the auxiliary functions 

I ij(x,0=[ b(z(x,£,t))z (ar.^i )* 7 (x,£,t)dt, 2 < i,j < n, (4.1) 

where the function b £ C 5 (R n ) is zero outside of D. Note that the function u(x,£) 
in (3.1) is defined as the sum of the functions of the form Ijj. By taking into account 
(3.4), let us rewrite (4.1) in the form 

r oo 

Iij(x,Q = / b (z (x, £, t)) z (x, £, t) z 3 (x, £, t) dt 

Jo 

b (z (x, v, |£| t)) |£| z (x, v , |£| t) |£| z 3 (x, v, |£| t) dt 

b (z ( x, v, t)) |£| z (x, v, t) |£| z 3 (x, v, t) dr. (4.2) 

Lemma 1 Let D be strongly convex with respect to the metric g = (gij) € C e (D). 
Then the functions Lj satisfy the following properties: 

(i) d%d x .Iij £ C(S2) for 0 < |/3| < 4, 

(ii) For fixed x £ D and £ G' [ff 7 ^ 0) , 

(a) d^Iij, d^d x slij £ L 2 (r^i) for \f}\ < 2, 

(b) d^hj, d^d x slij £ Li (r*i) n L 2 (r|i) for \/3\ = 3, 

(c) edpij, f'Oplr- hj £ L x (R^) n L 2 (r^) for |/3| = 4, 
where 1 < s < n and 2 < i, j < n. 

Remark 1. It is worth to note that Lemma 1 is not valid if at least one of the 
indices i or j in (4.2) is equal to 1. 

Indeed we note: 

(i) Since z X (x, v , t) —► 'z~(x, ±zz°, t) = ±1 as £* —> ± 00 , the function |^ 1 i: 1 (a;, u, t) I 
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increases like j^ 1 ) as £ —X oo, 

(ii) Integral (4.2) is taken on a finite interval [0, do], where do is the diameter of 
D in the metric g = ( gtj{x )), 

(iii) |£| z (x,f,t) < Ki, (See the proof of Lemma 1 in Appendix). 

Then it follows from (4.2) that if only one of the indices i, j is equal to 1, 
then Iij(x, £) is bounded only on the set f 2 , whereas the function | In(x, £)| increases 
like l^ 1 ] as £* —> oo for each fixed (x.f') G D x G'. 

Lemma 2 Let the conditions of Lemma 1 be satisfied. Then we have 

(i) df.Iij, Of Hr, l, G C (D x A? x G') n L 2 (Ri) for |/3'| < 2, 

(ii) cf,%, d^dxJij G C (D x I), x G') n L 2 (Ri) /or |/3'| = 3, 

(iii) rf dftdjij, G d (D x Rj x G') n L 2 (R*) for r + \/3'\ = 4, 

0 < r < 4, 

where 1 < s < n and 2 < i,j < n. 

Remark 2. Since the function u(x,£) is defined as the sum of the functions 
of the form Ijj , Lemmata 1 and 2 are also valid for u(x,f). On the other hand, 
due to the reason mentioned in Remark 1, if the right-hand side of equality (3.1) 
is replaced by the expression 

n p 

Y / aij (z (x, £, t)) z {x, £, t) z 3 (x, £, t) dt, 
i,j =i 

then these lemmata are not valid. 

Hence, for each fixed x G D and f' G G', it is possible to apply the generalized 
Fourier transform with respect to variable to equation (3.5). Then we have 

n n 

V=Ifl„ 0 ,iS- 2 >/=I Y r i kt kd v d H j u + Y^ dxj ^ 

j,k=2 j=2 

n n n 

£ r^V%« = 27Td(r ? ) (4.3) 

j,k=2 j,k,s=2 k,j—2 

where we use the fact that T} fc = I’)/ = 0, 1 < k < n. In (4.3), we recall that 6 ( 77 ) 
is the Dirac delta function and J 7 )!) = 27rd ( 77 ). 
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By Remark 2 and taking into account Lennna 2, we see that the functions u, d v u 
are continuously differentiable in the region D x G' for both cases y > 0 and y < 0. 
Then using (4.3), we obtain that for both cases y > 0 and y < 0 the function u 
satisfies the equation 

n n 

\/ Z ld r) <9 x i u - 2v /z l E u + Y^ dxj “ 

j,k =2 J=2 

n n 

E = o (4.4) 

j,k =2 j,k,s =2 

in the classical sense. 

Putting u = p + y/—lq and separating the real and the imaginary parts of the 
left-hand side of equation (4.4) for both y > 0 and ?? < 0, we have the following 
equations with respect to the functions d^p and respectively: 


d v d x ip - 2 J2 v uY d 'n d ^P = ^ 

j,k=2 

(4.5) 

n 

d v d x iq - 2 J2 Y uA kd rA i( i = ^ 2 , 

(4.6) 


j,k =2 


where 

" n " 

/1 - Es''//' + E 

j,k -2 ■ 7-2 s,j,k =2 

" n ” 

^2 = E + E- E r jfc£E<9 S3 p- 

j,k=2 j—2 s,j,k=2 

In this work, the uniqueness of the solution of the problem is investigated under the 
assumption of the existence of the solution. Hence it is assumed that there exists 
a solution u(x,f) to equation (3.5), i.e., there exists a solution u = p + \J — lq to 
equation (4.3) which satisfies the properties indicated in Remark 2 and the condition 

u (. x , £) = 0, (x , £) £ 9D x G, (u(x, y, (') = 0, (x, (') £ dD x G'). (4.7) 


Lemma 3. Let the conditions of Lemma 1 and condition (3.6) be satisfied. 



Then 


d v u(x ,-,£')> d%, d x sdr,u(x ,-,£') G L x (A p ) n L 2 (A£) 


for fixed (x,£f) & D x G' and 


5^'a„u, d^d x sd v u G C(DxA p xG'), 
d'^u, df,d x su G cfflxAjxG'), 

for 0 < I/?'| <2 and 1 < s < n. 

Remark 3. In the proof of Lemma 3, we essentially use condition (4.7). 

5. SOME AUXILIARY RESULTS IN RIEMANNIAN 
COORDINATES 

We set D e = {x el" / d(x, D) < s} where d(x, D ) = mi ye n \x — y\. For some 
£ > 0, let D e be strongly convex with respect to the metric g = (g V) ) G C 6 (D E ). 
We assume that the metric g = (g^ix)) is Euclidean outside of the region D e . 
Then as in (28] (see p. 506) it is possible to construct the Riemannian coordinates 
with center a?o G D by the formula y l = fft (1 < * < n), where t is the same 
parameter as in system (3.2). Let us also note that the coordinate y l does not 
depend on the selection of the natural parameter t on this geodesic (see [28], p. 
506 and [12], p. 53). It is clear that we have y l = 0 (1 < i < n) at the point 
xo■ Since g = ( gij ) G C 6 (D £ ), the solution z(xo,£,t) of Problem (3.2)-(3.3) is of 
C 5 -class with respect to t and £. Then from the determination of the Riemannian 
coordinates given above, it follows that y l = y i (x 1 , ... ,x n ) G C 5 (D S ) (1 < i < n). 
Moreover the oWaxis is the same as the y 1 -axis, because the straight line passing 
from xq and parallel to the a; 1 -axis is a geodesic of the metric g which corresponds 
to the vector (1, 0,..., 0) G R" on which x 1 is length of the geodesic. Then in the 

Tl . 2 . j 71 . k • S 

new coordinates the differential form ]T) ciij{x)f f takes the form ®fes(t/)C C 

i,j =2 k,s =2 

where dk s = a,ijd y kX 1 d y s ad and (x (y)). 
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In this case, we introduce the function 


u(y,( ) = / aij(z(y,C,t))z (y,C,t)z (y,C,t)dt, (5.1) 

i,j= 2 ■'7(2 /,0 

analoguos to formula (3.1), where 7 (y, Q = {z 1 (y, (, t ),..., (y, £, t)} is a geodesic 

of the metric 3 in the new coordinates passing from the point y € D in direction 
</. It can be easily proved that Lemmata 1-3 are also valid for the function u ( y , () 
by using the similar arguments which we used in the proofs of Lemmata 1-3 for 
the function u(x,£). Then, by T jfc = 0 at y = 0, the function u(y,Q satisfies the 
following analogue of equation (3.5): 


n n 

ECd v >u= E a ks (y)C k C, (5.2) 

i —1 s,k —2 

at y = 0 for ( E K ra , where L )A . are the Christoffel symbols of the metric g in the 
new coordinates y. We note that we will use the symbols (a;, £), u(x,£), 7 ( 2 ;, £), 
aks(x) instead of (y, () , u(y,Q, Qks(y) hr the corresponding places of this 

paper. Since Lemmata 1-3 for the function u(x, £) are also valid for the function 
u(y , </), without fear of confusion, we can change the symbols indicated above. 

On the other hand, it is known that the equation of the geodesic in the Euclidean 
metric has the form: z(xo,£,t) = Xo + £t, (£ ^ 0) and we readily see that the 
second derivatives of the function z(xo,£,t) = -£z (xg, £,t) with respect to the 
parameter £ s , (1 < s < n) are bounded for |£| < 1/2 and t € (0,+oo). At this 
point, it is worth to note that if the equation of the geodesic is rewritten in the 
form z (# 0 , v, t) = Xq + ut, where v = £/ |£|, then the second order derivatives of the 
function z (2:0, v,t) = £/ |£| with respect to the parameter £ s are unbounded for |£| < 
1/2 and t € (0, + 00 ). This unboundedness is connected with the introduction of the 
new parameter v = £/ |£| and the unboundedness of the second derivatives of the 
function |£| for |£| < 1/2. However in below, when we investigate the boundedness of 
the derivatives with respect to the parameter £ s of the funcions z (xo, £, t), d^idciu, 
d x jd^idciu in a neighbourhood of £ = 0,1 < i < n, we need not pass to the 
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parameter v = £/ |£| and work only with the parameter £. 
Lemma 4. 7n the new coordinate system, the functions 


d£id ( id x ju(0,g), 1 < i, j <n, 


are bounded on the set G for |£| < 1/2. Moreover, the functions 


d e u(0,e,Z'), d?d xi u( 0 ,^, 0 . 

< i,j < n, 

tend to zero in L 2 (R*i) as £' —> 0 . 

Proof. 

First, let us show that if up to the second order derivatives of the functions 
z (x, £, t) with respect to £ are bounded, then it is possible to prove that the 
functions d^id^iu are bounded for 0 < |£| < 1/2 and 1 < i < n. 

Since supp b C D and the solution of Problem (3.2)-(3.3) has property (3.4), the 


integral in (4.2) can be considered on the finite interval 


n 

U ’ ICI 


where do is the 


diameter of D in the metric g = ( gijix )). Hence we can write (4.2) as 


d 0 

'‘TIT 


Iij(x,Z)= / b(z(x,f,,t)) z 1 (x,£,t) z J (x,£,t)dt. 

Jo 


(5.3) 


Moreover, since the metric g = ( g ^) is written down in the semi-geodesic coordi¬ 
nates, the equality z k (rc, , 0 , i) = 0 (£* 0 ) is satisfied for each k (2 < k < n) 

(see the proof of Lemma 1 in Appendix) and thus d^iz k (rc, , 0, t) = 0. Then, for 
each fixed x € D and 0 < l^ 1 1 < 1, by Taylor’s formula with respect to the variable 
£' = (£ 2 , ...,£ n ) (e.g., [T3], p. 285), we obtain the equalities 


z k (x,£,t) = J2Cdez h (x,f 1 ,f'e 1 ,t) 


(5.4) 


i =2 


d e z k (x,£,i) = Y^Cd^d e z k (x,f 1 ,f'e 2 ,t) , 


(5.5) 
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where 0 < 9 m (.x , £, t) < 1 ,m = 1, 2. If we assume the boundedness of the functions 
d^z k and d^id^z k , then it follows from (5.4) and (5.5) that 


z k (x,£,t) 


< Mi k'l , 


dt.i'z k (x,£,t) 


< m 2 |£' 


(5.6) 


for each k G {2, ...,n}, x G D, t € (0,+oo) and for |£| < 1/2 (£ x ^ 0), where Mi 
and M 2 > 0 do not depend on £ and t. Furthermore we assume the boundedness 
of the functions d^z s , d^d^z s (1 < s < n) and note that 

(i) b G C 5 (D), supp be D, 

(ii) Inequalities (5.6) hold, 

(iii) z (x, £, t ) is of C 5 -class with respect to t and £ ^ 0 , 

(iv) Boundedness of the derivatives up to order 2 of the functions z (x, £, t ), 
z s (x, £,i) (2 < k < n, 1 < s < n) with respect to £* (1 < i < n) for |£| <1/2 with 

(v) d^iz k (x, £ 1 , 0 , t) = 0 , 2 < k < n. 

Then by (5.3) we see that the functions d^dciIij are bounded for |£| < 1/2, 1 < 
s < n, 2 < i,j < n. On the other hand, the boundedness of the functions for 
|£| > 1/2 (£ 7 G G') follows from Lemma 1. 

. k . k 

If we assume the boundedness of the functions d^id x jz , d ( id^ d x jZ , dg.d x jz s , 
dcid^id x jz s (2 < k < n, 1 < i, j, s, l < n), then we can similarly prove the 
boundedness of the functions d^.d^id x j for £ G G (1 < i,j < n). As a result, 
since u(a;,£) is a finite sum of the functions of the form J,j(x,£), the functions 

in, d^idcid x jU (1 < i,j < n) are bounded on the set G for x G D and 

1 k 

|£| < 1/2 with £ ^ 0 , when the conditions for the functions z s , z indicated above 

are satisfied. 

k 

In particular, since the derivatives of the functions z (x, £, t) with respect to £ up 
to order 2 are bounded for the metric = Sij , it is clear that the same boundedness 
properties are valid for z (0, £, t) in the Riemannian coordinates with center Xq G 
D. Moreover, by the formula y l = £*t (1 < i < n) which is satisfied in the new 
coordinate system, we have 0 s (O,£,t) = 2 S ( 0 ,£, 0) (1 < s < n). Therefore, it is 
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easy to see that the functions d^d xi z s ( 0 ,£,t), d s id C id xj z s (0,^,t), d^d xJ z k (0 ,£,t), 
dcid^d x j'z k { 0, £, f) (2 < k < n, 1 < i,j, s,l <n) are bounded on the set G for |£| < 
1/2. This implies that the functions d^idciu(0, £), d^idcid x j «( 0,0 (1 < i,i < «) 
are bounded on the set G for |£| < 1/2. 

Now, let us prove the second assertion of the lemma. Since the unique solu¬ 
tion to Problem (3.2)-(3.3) for i/° = (1,0,0) £ R” is given by z{x, v°,t) = 
x + tv°, we obtain that z k (x, ^,0,t) = 0 for ff = 0, 2 < k < n. Then by 
(3.1), we have T^aq^O) = d^u(x, £ 1 ,0) = 0 (1 < i < n) and dcid^u(x, ^ 1 ,0) = 
<9|i d^id x ju(x, G, 0) = 0 (1 < i,j < n). Hence, taking into account the last equal¬ 
ities, the first conclusion of the lemma which we proved above and the analogous 
formula to (4.2), we see that the functions 


«(0,^,O, ^m(0,^,O, d e d xi u( 0,^,O, d x id e d e u(o,e,£) 


tend to zero in L 2 (R*i) as —> 0 . 

Lemma 5. Let the conditions of Lemmata 1 and 3 he satisfied. We set 
w(0, ?7, £') = p(0, rj, £') + \/^lq(0, 77, £'). Then the functions p( 0, 77, £'), d xi p( 0, 77, £'), 
dckp(0, 77 , f'), d x id^kp(f),ipff), 775 ( 0 , 77 , £) tend to zero as £' —> 0 in Li(R, 1 ) ) for 
2 < k < n and 1 < j < n. 

Proof. Since the Fourier transform is continuous in L 2 (R^i)) by Lemma 4 
the functions ^^( 0 ,? 7 ,£ , ), d^ku(0, 77, £ ), 7777(0,77, £), pd^ku{0,p,(,'), pd x ju(0,ij,f'), 
dckd x ju(0, 77 , £'), p 2 d x ju(f),ri,f'), pd^kd x ju(0,p,^), 2 < k < n, 1 < j < n, tend 
to zero in L 2 (R*) as —> 0. Then, since 


dckd xj p\ dp < ( / r/ 2 (ffikd x3 p) 2 dr ]) (/ —dr/ J , 


h T 


J \d^kd x yp\ dp < (y j {d(kd x ip) 2 dp 


and 


POO p 1 

/ ?7 2 (d(:kd x jp) 2 dp -> 0, / (d^kd^p) 2 dp -> 0, 

J 1 ./o 
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we see that the functions d^kd x jp(f), ryf') tend to zero in Li(0,oo) as —> 0. By 
the same argument, it can be proved that the function d^kd x jp{0, ??, £') tends to 
zero in L\{— oo,0) as —> 0. 

Similarly one can prove that the functions p(0, rj , £ ), d x jp(0 , 77 , £ ), d^p( 0, tj, £ ), 
??9(0,?7,0 tend to zero in Li(R^) as -» 0. 

6. THE PROOF OF THE MAIN RESULT 

In this section, we prove Theorem 1. As it was noted in Section 3, the uniqueness 
of the solution to Problem 1 follows from the uniqueness of the solution to Problem 2 
in the class Cq(D). Therefore, we consider Problem 2 with homogeneous boundary 
data below. 

Proof of Theorem 1. 

First we recall that u = p + y/—lq and r*- fc (0) = 0. Then by (4.3) and (4.6), in 
the new coordinates, we have 

n 

d v d x iq = -2nS(r]) ^ a jk (0)£V + F 2 , (6.1) 

fc,j=2 

n 

for x = 0, where F 2 = )C d) x ,p. By (6.1), we obtain 
i =2 

d v (d x iq(0,r),Q) = -2n6 ( 77 ) au{0)e 2 + F 2i (0, 77 , £')> (6.2) 


for ^ =('eG',2<i<n, where = e£'(l), £'(1) = (0, • • • ,0,1,0, •• • ,0) G R" 


i—2 


e > 0, £ = (£ 2 ,£ 3 ,--- ,C) and -F 2 i(0,77, £') = ed xi p( 0 , 77 ,^). 

On the other hand, we know (e.g., Theorem 3.1.3 on p. 56 in Hormander HD) 
Lemma 6. Let a function U(y) defined in an open set bcR, belong to space 


C^fY/ {2/0 }) for some yo G Y and let a function V{y) coincide with 
y ^ yo and be integrable on some neighbourhood of yo. Then the limits 


dU (y) 

dy 


for 


U{y 0 ± 0) := lim U{y) 

y^fyo± 
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exist and 


= V ( y ) + (U(yo + 0 ) - U(y 0 - 0 ))S (y 0 ). 

Lemma 3 shows that (taking into account Remark 2) for fixed (0, £ 7 ) G D x G ', 
the functions U = d x iq and V = F 2 satisfy the conditions of Lemma 6 for yo = 0, 
in where the variable y is replaced by 77 . Therefore, by (6.2) and Lemma 6 , we 
conclude that 

U +q (0,Q - U-q{ 0,£) = -27ra ii (0)e 2 , (6.3) 

where U± q { 0,£') = d x iq (0, ±0, £'). 

On the other hand, from (6.2) by Lemmata 2 and 3, it is not difficult to obtain 

00 0 

U +q (0,Q = -jF 2i (0,r ] ,Qd V , U- q ( 0 ,£)= J F 2i {0, V ,£)dT}. 

0 —oo 

Consequently, we have 

OO 

U+q( 0 , Q - U- q { 0 , Q = -e J d xi p{ 0 , 77 , Qdy. (6.4) 

— OO 

By Lemma 5, 

OO 

J d x *p(0, 77 , 0 )d ?7 = 0 , 1 < s < n, 

— OO 

and Lemmata 2, 3 and 5 yield 


d s ,d xi p G Li (Ri) n L 2 (Ri) nC(A(xG'), p= -1,1. 

Hence, for x = 0, the mean value theorem on interval [0, e] (e.g., jT3], p. 186) 
implies that 

OO OO 

J d x ip(0, 77 , QdT) = e J d^d xi p(0, rj, ^ 6 >i)rfr?, (6.5) 

— 00 —OO 

where 6\ G (0,1) is a constant depending on £'. By using (6.5) in (6.4), we obtain 

U +q { 0,0 - C/- 9 (0,C') = %(0,?')£ 2 , (6.6) 
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where 


®(0,4 = -J d^id xi p( 0,T), giO^dr). 

— OO 

Equalities (6.3) and (6.6) show that — 27raij(0) = ®(0,£(), (2 < * < n). Then by 
Lemma 5, we have ®(0,4 —> 0 as £( —> 0 and thus aii(O) = 0, (2 < * < n). 

In order to complete the proof, let 4(1) = (0, • • • ,0,1,0,-- , 0,1,0, • • • ,0) £ 

i —2 j — i —1 u—j 

R" _1 , i ^ j, and 4 = e^-(l) £ G'. In this case, by an (0) = 0, a»j (0) = ay; (0) 
and (6.1), we have 

dr, (d x iq( 0, 77 , 4)) = - 47 n$ ( 77 ) aij (0)e 2 + E 2ij (0, r], 4) (6.7) 

for ^ •, where 

^2*7(0,17,^) = £(^( 0 , 7 ?,^) + 9^73(0,77,^)) 

and the indices i,j £ {2,..., n} are fixed. Then, in the same way as above, equation 
(6.7) and Lemma 6 yield 

*W0,4') - 4) = - 47 ra«( 0 )e 2 , ( 6 . 8 ) 

where £4,(0,4) = d x iq (0, ±0, 4 ) • From (6.7), by virtue of Lemmata 2, 3 we 
have 

00 0 

£4,(0,4)= j F *j (°> v, 4) 4)= J F 2ij (0,??,4) d, 7. 

0 —00 

Hence, 

OO 

£4,(0,4) _ ££-«(°>4) = ~ £ f (4^°’ ? £4) + 3** p ( 0 > v, 4)) dr ?- ( 6 - 9 ) 
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Recalling that (see Lemma 5) 


J d x mp( 0 , 77 , 0 )dr) = 0 

— OO 

(1 < to < n), by the mean value theorem on interval [0,e] (e.g., [13], p. 186), we 
obtain 

OO OO 

J d x *p( 0 , 77 , = e J (df.id x sp{ 0 , 77 , 40 i) + d^d x *p( 0 , 77 , 4 0 i)) dr 7> 

—00 —OO 

where s = i,j ; and 0 < 0* ( 4 ) < 1. Then, by the last equality and (6.9), we have 

£4,(0,4) - u - q { 0,4.) = <fo(o, 4)4, (6.10) 


where 


9*j(0.4) = ~ (d v d xt p(0, 77 , 4-6'i) + 2%<9 xi p(0, 77 , 4 0 i) + 44^(0, 77 , 46 'D) d V- 


— OO 

Equalities (6.8) and (6.10) imply — 47rajj (0) = qij (0,4)- Th en , by an argument 
similar to the proof of the relation q t (0 .4 —► 0 as £( —► 0, we can prove that 


qij(0 ,4) —> 0 as -> 0, therefore, (0) = 0, (2 < i, j < n). 

In fact, keeping in mind the change of variables x > y (see the beginning of 
Section 5), instead of ak s ( 0), it suffices to consider dfc s (0), and we have afc s (0) = 
d ks { 0 ) = a,ij(x 0 ) () llh :v'(), u x j , 2 < k, s < n. 

Then from c4(0) = 0 (2 < k, s < n), it follows that <4(0) = A is d y kX l | = 

0 for each 2 < s < n, where Ai S = dij(x 0 ) d ye x? | y=Q . Since the Jacobian det 
( d Vs x J ) ^ 0 , we have Ai S = 0 for 2 < i, s < n and so a, : j (aio) = 0 for 2 < i, j < n. 
Since Xo £ D is arbitrary, we obtain aij = 0 for 2 < i,j < 71 in the domain D. 
Hence the proof of theorem 1 is completed. 
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7. APPENDIX 


In this section, we prove Lemmata 1-3. For the sake of simplicity, we set 


l(x,0 ■= lij(x,0 


in (4.1) after fixing the indices i, j G {2, ...,n} . 

Proof of Lemma 1. Similarly to (5.3), we recall that the last integral in (4.2) 
is considered on the finite interval [0,do]. Due to the condition G C 6 (D), it 
follows from the theory of ordinary differential equations that the solution z(x, v,1) 
of Problem (3.2)-(3.3) belongs to the space C 5 (f2(do)), where we recall that If (do) = 
{(a;, is, t) \x € D, is G S n (x), t G [0, do]} and S n (x) is the unit sphere with the metric 
g around x G D. Hence, taking into account the conditions b G (7 5 (R ra ), £ G G, 

7 ^ 0 and equality (4.2), it follows that d^I, d^d x sl G (7(11) for 0 < |/3| < 4, 

1 < s < n. 

In order to prove the second assertion of Lemma 1, we investigate the behavior of 
|£| z (x, is , r) and its derivatives with respect to when £ —> oo, where 1 < j < n 
and 2 < k < n. 

Let f 1 = 1/g. Then the vector v = £/ |£| G S n (x) tends to is 0 = (1,0,..., 0) G R™ 
as £* —> +oo, (i.e. as g —> +0). Therefore, as it is known from the theory of ordi¬ 
nary differential equations ([57]), the unique solution of Problem (3.2)-(3.3) tends to 
the solution z (x, is 0 , t) in (7 2 [0, do] as g —> +0. Since the metric g = ( gij ) is given 
in the semi-geodesic coordinates (then T} s = Tfj = 0 , 1 < s < n) and the solution of 
Problem (3.2)-(3.3) is unique, we have z (x,v°,t) = ( z 1 (x,v°,t) , ...,z n (x,v°,t)) , 
where z 1 (x, is 0 , t ) = x l +t, z k (x, is 0 , t ) = x k , z (x, is 0 , t ) = ( 1 , 0 , ■ ■ • , 0 ), z 1 (x, is°,t ) = 
1 , z k (x, is 0 , t) = 0 , 2 < k < n. 

For £ = l//z > 0, we have 


l£l* 


k 





( 1 df 2 

h in ’i^i 

\ 1 G 1 1 /J 



(A.l) 
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where 

l^l/x = ^ 

Hence, if x £ D, (£ 2 ,...,£ n ) £ G', t € [0,do] are fixed, then applying the mean 
value theorem (e.g., [13], p.186) to the function z k ^x, ■ ■ ■ , with 

respect to 0 on the interval [ 0 , /z], from the equality z k (x, v°, t) = 0 for 2 < k < n, 
we have 



0</z o </u<l, 2<k<n, (A.2) 

^ l/X 1^ l/X / 

where d^ 'z* is the derivative of the function z k ^x, jcrp, i|rp, " ' > with re¬ 

spect to 6 at a point 9 = /i 0 . It is worth to note here that z 1 (x,is°,t) = 1 and 
equality (A.2) is not valid for k = 1. 

Since z k (x,v,t) £ C 5 (H(do)) and , •• • , € S n (x), the function 

d^z k ^x, j^j—, i^Tj—, ■ ■ • , pfTj—, t^J is bounded on f2 (do). Here we note that 12 (d 0 ) is 
closed and bounded. Therefore, by (A.l) and (A.2), since the vector v = £/ |£| £ 
S n (x) tends to v° = (1,0,...,0) £ M” as £* —> + 00 , we have 



lei (x,v,t) 


<K U 


(A.3) 


for 2 < k < n in the set 12, where ATi > 0 is independent of (x, £) £ D x G, 
but depends on the norm of the vector function z(x,v,t) in C 1 (12 (do)) and the 
diameter of G' . In the same way as above, we can prove the last inequality for the 
case £ —> — 00 . 

It is not difficult to verify the following equalities 


% 



ier 


S[\Z\z k [x,±r,t 


ki : 


ki -£3 




■ket; 


0 c 1 


+ —<9„i z 


3 =1 


Kl 3 Ifl 


(A.4) 
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in 0, where K 2 > 0 is independent of (;r,£) £ (D x G). In (A.9), K 2 depends 
on the norm of the vector function 2 ( x , v , t ) in the space G 5 (fl (do)) and on the 
Euclidean distance between G' and 0 £ R" -1 (0 ^ G') and the Euclidean diameter 
of G'. Moreover, the following inequalities are valid in f 1: 

|£|M+! ga < k 3> | K |H^(6 (*))| < K A , (A.10) 

for 0 < |a| < 4, where K 3, K 4 depend on the same parameters as I \ 2 in (A.9). 

Consequently, by the differentiation of an integral with respect to a parameter, 
the boundedness of the functions \t;\z k , dy an d relations (A.9) - (A.10), 

we complete the proof of the second assertion of Lemma 1. 
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Proof of Lemma 2. By (ii-c) of Lemma 1, we have 


^d r e (cf,7) , ^d r e (df,d xi /) € L\ (r^) n L 2 (r^) , r + |/3'| = 4, 0 < r < 4 

for fixed x £ D and £ G' (£' ^ 0). Then, in view of (i) of Lemma 1, (A.3)-(A.8) 
and the properties of the Fourier transform, we have 

V r d^d v I, V r d(,d v d xj / e C (J) x ij x G') n L 2 (R*), (A.ll) 

where r + \/3 r | = 4, 0 < r < 4, that is, (iii) of Lemma 2 is proved. 

Assertion (ii) of Lemma 2 is proved by using (i) and (ii-b) of Lemma 1. 

By (i) and (ii-c) of Lemma 1, we have 

d r e (af,7) , d r e (d^,d xi i) £ Li (rJ.) ru 2 (rJx) 

for r + |/3 , | =4 and 0 < r < 4, x £ D and £ ^ 0, £ G'. The last relations and (i) 
of Lemma 1 show that 

v r d^T, rfd%,d xj /ec(flxijx g') n l 2 (k*) , (A. 12 ) 

consequently, 

df,I, d^d xi IeC(flxA{jx G') , (A. 13) 

for |/3' | < 4. The hrst assertion of Lemma 2 is ensured by (ii-a) of Lemma 1, (A.12) 
and (A.13). 

Proof of Lemma 3. We examine equation (4.6) as a differential equation for 
the function d v q. Then, in view of the characteristics, we can rewrite (4.6) as 

d d n d 

j-/ = 1, -e = -2£r^, - (d n q) = F 2 , k = 2,3(A.14) 
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By Lemma 2 we have 


df,F 2 , d%,d Xj F 2 € C {D x A* x G') n L 2 (Aj) , 


(A.15) 


for 0 < |/3 , | < 2, 1 < j < n. Thus it follows from equalities (4.7), (A.14) and (A.15) 
that 

rx 1 

dr,q(x,V,€')= F2{T,x',r},C'(T,€'))dT, (A.16) 

Jxl 

where Xq is the first component of the boundary point (xq,x') £ dD and the first 
component of ( x 1 ,x') £ D satisfies x 1 > Xq. In (A.16), the components of the 
vector C'( T > €') = (Ct'oO; • ■•,C n ( T >£ , )) satisfy the system of differential equations 


d n 

-i-( k = -2E r yC j > 2 <k<n 
«T j =2 

with the initial condition ('(x 1 ) = £. Moreover, the uniqueness of the solution of 
this Cauchy problem with the condition ^(a: 1 ) = 0 implies that (Z 0, 

r £ [arj, Xq + d 0 ] , Xq < x 1 < x^ + d 0 . 

Since the function F 2 (x, 77 , £') is zero outside D and the straight lines in R™ 
which are paralel to the coordinate axis ox 1 are geodesics of the metric ( g % j ) , the 
integral in (A. 16) is taken on the finite interval (xq, a’J+do), where do is the diameter 
of the bounded domain D. On the other hand, by (4.2), (A.9), (A.10) and Lemma 
1 , we see that the integral jZ^J u 2 (x, £) d converges uniformly with respect to the 
parameters (x, £') £ D x G and is continuous on D x G '. Then by the Planclrerel 
equality 

2 tt / u 2 {x,£)d£ = / \u(x,rj,Z)\ dr], 

J — OO J— OO 

the integrals 

r+00 r+00 

/ q 2 (x,vZ')dv, / P 2 {x,r],Z)dv 

Jo Jo 

are continuous on D x G'. 
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In addition, by (4.2), (A.9) and (A.10), the integrals 

/ +oo r+oo 

(d^u(x,^)) 2 d ^ 1 , / (d^d xj u(x,^)) 2 d^ 

-oo J — oo 

converge uniformly with respect to the parameters (a;, £ ) € D x G' and are contin¬ 
uous on D x G' for |/3| < 3, 1 < j < n. Then, by similar arguments as above one 
can prove that the integrals 

J (df!,q(x,T),€')) 2 dr), J (d^, p(x,p,^')) 2 dp, 

/ (■ d?,d xj q(x,ri,t')) 2 dri , / {dl d xi p(x,p,^')) 2 dp 

Jo Jo 

are continuous on D x G' for \jd’\ <3. Therefore the integrals 

r+oo t r+oo ; 

/ {dt Fi{x,p,£,')) 2 dp, / (dt d xi Fi{x,p,Ofdp 

Jo Jo 

are continuous on D x G' for \fd’ | <2. 

On the other hand, by (A. 16), we have 

r xl 

ql<{x 1 -xl) Fl(T,x',T),C'{T,g))dT. (A.17) 

J x\ 


Since the function 


F 2 (a, ??,£') dp 


is continuous with respect to the parameters (x, £') € D x G' and D, G' are closed 
and bounded, we can conclude that there exists an integral 


J i (/ Fl(T,x',r),C'(T^'))dv^dT 


which is bounded by a number M > 0 which is independent of (x,£). Then, from 
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(A.17) by the Fubini-Tonelli theorem, we have 


pN pN / px 1 \ 

I {d v q(x,^,i')) 2 di 7 < d 0 J IJ f\ ( t , x', 77 , C'(t-O) drj dr] 

PX 1 ( pN \ 

1/ / F2 ( r . a:'. V, C'(t, £')) dr ]) dr 

Jxl 0 / 


— do 
< d^M 


for each AT > 0. By analogous reasoning, from (A. 16), one can prove that 


r N 


f N 

(d^d v q(x,ri,£')) 2 dri, J (d|, d xj d v q(x,p,0) 2 dv < d 0 Mi (A.18) 


for \0' I < 2, where M\ > 0 is the maximum of the continuous functions 


nX 1 /* + 00 

J ^ Jo ( d £' F2 ( T,x ' ,r],< ’' (:r, Z'W 2dri ) dT 


and 


px 1 /*+oo 

j 1 ( J (dj!'d x iF2{T,x',ri,C'(T,t'))) 2 dri)dT 


nX 1 Z'+OO 

(/ 

/ «/ 0 

on I? x G". Inequalities (A.18) imply that d^, d v q, d^, d x , d v q £ L 2 (A*) for \ f}'\ < 2. 
Moreover, taking into account Remark 2 after Lemma 2, from (A.11) we obtain 

dp, d v q(x, T), £'), di d xi d v q(x, rj, £') £ L 1 (A*) flC(Dx AjxG'). 


In a similar manner, we can prove that 


di dr,q(x, rj, £')> ^ ^(z, t), £') £ Li (A^ *) n C (D x A^ 1 x G') . 


Taking into account (4.5) and using arguments similar to the previous, it can be 
shown that 

di d v p(x, rj, £'), di d xj d v p(x, rj, £') £ L i (A£) n L 2 (A£) nC(DxA(x G') 
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for <2, p = —1,1. 

Finally, from the foregoing relations we can write 

d^d n u, d^d xj d v u G L\ (AJJ) n L 2 (A p) nC(Dx A? x G') 

for \/3' | < 2, 1 < j < n. Then the equality 

/>00 

d q(x, ??, £') = -/ d? d T q(x, r, (A.19) 

Jr) 

holds, from which we have 

/»oo 

df, q(x, +0, £') = - J d T q{x, r, (A.20) 

for the point (x, £') G D x G'. By virtue of (A.18)-(A.20), we obtain 

dp q{x, V, O - d/!' q{x, +0,£') = J <9^<9 T g(x,T,$') dT 

< V f 0 did T q(x,T,£')) 2 dT 

Jo 

< vd 0 M x . 

Therefore, the function d^, q{x , r], tends to dq(x, +0, £ r ) uniformly with respect 

to the parameters (x, £') G D x G' as p —> +0. Consequently, d^, q(x, +0, £) G 
C (D x G'), since the function d^, q(x,i 7,^) G C (D x G') for p > 0. Analogously, 
one can prove that the functions d^, d x jq(x, +0, £'), d^, p(x, +0, £'), d^, d x ,p{x, +0, £'), 
d^,q(x,~ 0,£')> d?d x iq(x,-0,£'), dj?,p(x,~ 0,£')> d^,d xj p{x,- 0,£') belong to the 
space C (D x G') for |/3'| < 2, 1 < j < n. 
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